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MATH 230

CaLcuLus I1

BRIAN VEITCH e FALL 2015 e NORTHERN ILLINOIS UNIVERSITY

Trigonometric Integrals

Suppose you had to find the integral

/ cos(x) sin® (x) dx

What would you do?

We use u-substitution. Let u = sin(z), then du = cos(z) dz

/ cos(z) sin(z) dz = / W du

So what if I asked you to evaluate

/ in’(z) da

To use substitution, you need the derivative of w, which was cos(x). In this integral,
there is no cos(r). So we need to rewrite sin®(z)... somehow

Since we need to have a factor of cos(x) show up, we use a trig identity that allows us to

convert sin®(x) to 1 — cos?(z).

sin’(z) = sin*(x)sin(z)

= (1 —cos*(z))*sin(x)
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Our new integral is

/sin5(a;) dx = /(1 — cos?(z))?sin(z) dx
1. Let u = cos(x)
2. du = —sin(x) dx

3. Substitute

/ (1= cos?(z))?sin(z) dz = / (1= u?)? (—du)

= —/1—2u2+u4du

2 1
= - (u— §u3+ 5u5)

— —(cos(z) — gcos?’(:c) + 1cos"’(ﬂc’)
(st~ 2ot + Lo

2 1
= —cos(z) + 3 cos®(x) — R cos”(z)

Find /sinG(x) cos®(z) dx

Rewrite

sin®(z) cos®(x) = sin®(x) cos?(z) - cos(x)

/sinﬁ(x) cos(z) dv = /sinG(x) cos?(z) - cos(z) dw
= /sinﬁ(:r)(l — sin®(z)) - cos(x) dx
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Let u = sin(z) and du = cos(x) dz. We now substitute

/Sin6(x)(1 — sin®(z)) - cos(x) dz =

Steps 1: Strategy for Evaluating / sin™(z) cos" () dx

1. If n is odd (the power on cos(x)), save one cos(x) factor and use

cos(z) = 1 — sin*(x)

to change all the even powers of cos(x).

Then use u-substitution. Let v = sin(z) and du = cos(x) dx

2. If m is odd (the power on sin(x)), save one sin(x) factor and use

sin”(x) = 1 — cos®(z)
to change all the even powers of sin(z).
Then use u-substitution. Let u = cos(z) and du = — sin(x)

3. If both are odd, you choose (1) or (2).

4. If both are even, you can try using the half-angle identities.

sin?(z) = %(1 _ cos(22))

cos?(z) = %(1 + cos(2x))
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Find / sin?(x) cos?(x) dx
0

While we integrate, I'm going to drop the bounds.

1 1
/sinQ(x) cos*(z) dv = /5(1 — cos(2x)) - 5(1 + cos(2x)) dx
1
= 1/1 — cos?(2x) dx
_ 1/1—1(1+ (42)) d
= 17 5 cos(4x)) dx
1 /1 1
= 4_1/5 - 5005(49@) dx
1
= §/1 — cos(4x) dx
1 1
1 :
= —x — —sin(4x)
8 32
Therefore,
/Tr sin®(z) cos®(r) dx = 1:17 _ 1 sin(4x) W
0 8 32 0
T 2 L
/ sin”(z) cos®*(x) de = =7
0 8
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Steps 2: Strategy for /tan’“(zr) sec"(x) dx

1. If n is even, save one factor of sec?(z). Write all the other sec?(x) as

sec’(z) = 1 + tan®(x)

Then use u-substitution. Let u = tan(z) and du = sec?(z).

2. If m is odd, save one factor of sec(z) and one tan(z). Rewrite all the other

tan®(z) as

tan®(z) = sec?(z) — 1

Then use u-substitution. Let u = sec(x) and du = sec(x) tan(x).

Example 3

Find /tanG(x) sect(r) dx

The power on sec(z) is even. So pull one factor of sec?(z) out.

/ tand(z) sect(z) dz = / tand (z) sec?(z) sec?(z) dx

— /tanﬁ(x)(l + tan®(x)) - sec?(x) dx
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Let u = tan(z), du = sec?(x) dx
/tan6(x)(1 +tan®(2)) - sec?(x) dz = u®(1 + u?) du

u® + u® du

——

1
u7+§u9+0

1
tan®(z) + 9 tan?(z) + C

i

Example 4

Find / sec? x tan® dx

The power on tan(x) is odd. So pull out a factor of sec(x) and tan(zx).

/ sec) xtan® x dor = / sec® ztan® z - sec z tan x dx
_ 8 2 N2
= /sec x(tan® x)” sec(x) tan(x) dx

= /SGCSQS(SGCQ(QS) —1)?sec(z) tan(z) dzx
Let u = sec(x) and du = sec(x) tan(x)

/3808 x (sec’(z) — 1)2 sec(z) tan(z) de = ub(u® —1)? du
ud(ut — 2u* + 1) du

u'? — 20t + 8 du

Il
|

2 1
= u — —u' + o + O

13 11 9
1 1
= 1—3$e013x— ﬁsecllx—i- §secg$+C’
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Show /sec(m) dx = In|sec(x) + tan(z)| + C

Unfortunately, this integral requires a bit of a trick.

sec(z) + tan(x)

sec(z) = sec(z) - sec(z) + tan(z)

sec(z) = sec?(z) + sec(z) tan(z)
sec(x) + tan(z)

Let u = sec(z) + tan(z) and du = sec(x)tan(z) + sec?(x). This is just a normal u-

substitution.

/sec(az) Qe — /sec2(x)+sec(x) tan(z) i

sec(x) + tan(z)

1

= /—du
u

= Infu|+C

= In|sec(x) + tan(z)| + C

Example 6

Find / tan® z dx

The problem with this one is that there are no powers of sec(z). When this happens, try

pulling out some tan?(x).

tan’(z) = tan(x) - tan®(z) = tan(z)(sec’ v — 1)

SEE! We now have a sec(x).
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/ tan®z do = / tan(z) - tan®(z) dr
_ / tan(z) (sec®(x) — 1) da
= /tan(:z:) sec?(z) — tan(z) dw

Both of these terms are done using u-substitution. Let’s start with the first one.

1. / tan(z) sec(x) da

Let u = sec(x), du = sec(z) tan(x)

/ tan(z) secX(z) dv =

—_——
3
2
8
~—
%
@
2
&
—+
Q
=
—~
=
QU
5]

NN

You could have used u = tan(x) and du = sec?(x). If you chose this substitution, you'd

get

/tan(ac) sec’(x) do = /u du

It might seem that our two substitutions gave us different results. They really didn’t
1 1
since Qsecz(x) and Etarﬂ(x) differ by a constant. Remember that 1 + tan®(z) =

sec?(x). That’s why that +C is important.

8
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2. / tan(z) dz

_ sin(z)
Rewrite tan(x) as cos(a)
Let u = cos(z), du = —sin(x) de — —du = sin(z) dx
/tan(x) = / sin(z) dx
cos(z)
[ t-aw
= —(—du
u
= —lIn|ul
= —In|cos(z)]
= In|sec(z)|
Final Answer:
3 Lo o
/tan () dx = 5 sec (x) — In|sec(x)| + C

Find /sec3(x) dx

Since this doesn’t have any powers of tan(z), we need another way to approach this.
Also, the power of sec(z) is not even, so we cannot even try the strategy from above.

We do this problem by Integration by Parts

u = sec(x) dv = sec*(x) dx

du = sec(x) tan(x) dx v = tan(x)
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sec(z) tan®(z) dx

/Sec3(:p) dr = sec(r)tan(x) —
= sec(z)tan(x) — [ sec(x)(sec*(x) — 1) dx

= sec(z)tan(z) — [ sec(z) do + /sec(:c) dx

—— — —

= sec(z)tan(z) — [ sec®(z) dr + In|sec(z) + tan(x)|

Notice that the right hand side has / sec®(x) dz. Let’s bring it to the right hand side.

/secs(a:) dr = sec(r)tan(x) — /sec?’(:v) dx + In | sec(z) + tan(z)|
2/seC3(:C) dr = sec(x)tan(z)+ In|sec(z) + tan(z)|

, 1 1
/sec (x) de = 5 sec(x) tan(z) + 3 In | sec(x) + tan(z)|

10
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Formula 1: Integrals So far!

1./k;dx:kx+0 13.

csc?x dr = —cotx + C

-1 14. secxtanx dr =secx + C

o

cscxcotx dr = —cscx + C

w

1
dr =In|z|+C 15.
T

tanx dr = In|secz| + C

4. dx——1n|k:x+b|+0 16.

kx

e“dr=e"+C 17. [ cotx dr =In|sinz| 4+ C

ot

secx dv = In|secx + tanz| + C

a dr = ——a"* + C 20. dr = sin~ (g) +C

klna

T

H

1 T
mxder=azhx —a2+C 21. = —tan* <E>+O

a2+a:2 a

10.

1 T
cosx dr =sinx + C 22. = —cot™! <5) +C

a? +x2 a

11. [ sinz dx = —cosx +C 23. dr =sec”! (z)+ C

l‘

12. [ sec’z dx = tanx + C 24.

/
e /
I /
== /
] /
/k Ll o 1. /cscxdx—ln]cscx—cota:|+0

7/“% ot o f
| =
] =
/ /-
/ | =
/ e

—————dx =csc ' (z)+C
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